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Abstract
We present an explicit non-singular complete toric Calabi–Yau metric using the local solution recently found by Chen, Lü and Pope. This metric
gives a new supergravity solution representing D3-branes.
© 2006 Elsevier B.V. Open access under CC BY license.D3-branes on the tip of toric Calabi–Yau cones have been
extensively studied in connection with the AdS/CFT correspon-
dence [1]. It is natural to consider the deformations of cone
metrics in order to explore non-conformal theories [2–7].
In this Letter, we study a Calabi–Yau metric, i.e., Ricci-
flat Kähler metric, constructed as the BPS limit of the six-
dimensional Euclideanized Kerr–NUT–AdS black hole metric
[8]. In the black hole with equal angular momenta, the corre-
sponding Calabi–Yau metric is of the form
g = (1 − x)(1 − z)
3
(
dθ2 + sin2 θdφ2)
+ (1 − x)(x − z)
f (x)
dx2 + (1 − z)(z − x)
h(z)
dz2
+ f (x)
9(1 − x)(x − z)
(
dψ − cos θ dφ + z(dβ + cos θ dφ))2
(1)
+ h(z)
9(1 − z)(z − x)
(
dψ − cos θ dφ + x(dβ + cos θ dφ))2,
where
(2)f (x) = 2x3 − 3x2 + a, h(z) = 2z3 − 3z2 + b
with two parameters a and b. We assume that the roots xi (i =
1,2,3) of f (x) = 0 are all distinct and real, and further they
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Open access under CC BY license.are ordered as z1 < x1 < x2 < x3 for the smallest real root z1
of h(z) = 0. In order to avoid a curvature singularity we take
the coordinates x and z to lie in the region z  z1 < x1  x 
x2 < 1. Indeed, it is easy to see that such a singularity appears
at z = x.
For r → ∞ (z = −r2/2), the metric tends to a cone metric
dr2 + r2g¯, where
g¯ = 1 − x
6
(
dθ2 + sin2 θ dφ2)+ 1 − x
2f (x)
dx2
+ f (x)
18(1 − x)(dβ + cos θ dφ)
2
(3)+ 1
9
(
dψ − cos θ dφ + x(dβ + cos θ dφ))2.
This metric yields the Sasaki–Einstein metric Yp,q when we
impose a suitable condition for the parameter a [9].
Next let us look at the geometry near z = z1. We introduce
new coordinates given by
ϕ1 = −12 (ψ − z1β), ϕ2 =
1
1 − z1 (ψ + z1β),
(4)ϕ3 = φ.
Then the metric behaves as
(5)g  du2 + u2 dϕ21 + g(4),
where u2 = 2(z1 − x)(z1 − z)/(3z1). Therefore, the periodicity
of ϕ1 should be 2π in order to avoid an orbifold singularity. The
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g(4) = (1 − x)(1 − z1)
3
(
dθ2 + sin2 θ dϕ23
)
+ (1 − x)(x − z1)
f (x)
dx2
(6)+ (1 − z1)
2f (x)
9(1 − x)(x − z1) (dϕ2 − cos θ dϕ3)
2.
We now argue that by taking the special parameters a = (1/2)−
(1/32)
√
13 which corresponds to Y 2,1, and b = (1/4)(137 +
37
√
13 ), the four-dimensional space with metric g(4) is a non-
trivial S2-bundle over S2, i.e., the first del Pezzo surface dP1.
To see this, introduce a radial coordinate y2 = 2(xi − z1)|x −
xi |/|xi | on the (x,ϕ2)-fibre space defined by fixing the S2 co-
ordinates θ and ϕ3 in (6). Then, the fibre metric near boundary
x = xi (i = 1,2) is written as
(7)dy2 +
(
xi(1 − z1)
xi − z1
)2
y2 dϕ22 .
Using the values of a and b, we have
x1 = 18 (1 −
√
13 ), x2 = 18 (7 −
√
13 ),
(8)z1 = −12 (2 +
√
13 ),
and then xi(1 − z1)/(xi − z1) = ±1/2. The apparent singular-
ities at x = xi can be avoided by choosing the periodicity of
ϕ2 to be 4π . Thus, the (x,ϕ2)-fibre space is topologically S2.
On the other hand, fixing the coordinate x in (6), we obtain a
principal U(1)-bundle over S2 with the Chern number
(9)1
4π
∫
S2
d(− cos θ dϕ3) = 1.
The metric g(4) can be regarded as a metric on the associated
S2-bundle of the principal U(1)-bundle. The associated bundle
is non-trivial since the Chern number is odd, and hence the total
space is the dP1.
Let us describe the Calabi–Yau metric (1) from the point of
view of toric geometry. The metric has an isometry T 3, locally
generated by the Killing vector fields, ∂/∂ψ , ∂/∂φ and ∂/∂β .
The symplectic (Kähler) form ω is given by
ω = 1
3
(
dψ ∧ d(x + z) + dφ ∧ d((1 − x)(1 − z) cos θ)
(10)+ dβ ∧ d(xz)).
Using the following generators of the T 3 action [10],
(11)∂
∂φ1
= ∂
∂ψ
+ ∂
∂φ
− ∂
∂β
,
(12)∂
∂φ2
= ∂
∂φ
+ 3
 ∂
∂β
,
(13)∂
∂φ3
= −6
 ∂
∂β
,Fig. 1. Delzant polytope P .
Fig. 2. Toric diagram.
one has Darboux coordinates (ξ1, ξ2, ξ3) on which the sym-
plectic form takes the standard form ω = dξ i ∧ dφi :
(14)ξ1 = 1
3
(1 − x)(1 − z)(1 − cos θ),
(15)ξ2 = −

2
(2xz + 1) − 1
3
(1 − x)(1 − z) cos θ,
(16)ξ3 = 
(2xz + 1)
with 
−1 = −5 + 2√13. For the range of variables: 0 θ  π ,
x1  x  x2, z  z1, where x1, x2 and z1 are given by (8), we
find the Delzant polytope (see Fig. 1)
(17)
P = {ξ = (ξ1, ξ2, ξ3) ∈ R3 | (ξ, va) λa, a = 1,2, . . . ,5}.
Here, each va is a primitive element of the lattice Z3 ⊂ R3 and
an inward-pointing normal vector to the two-dimensional face
of P . Explicitly, the set of five vectors va = (1,wa) can be cho-
sen as (see Fig. 2)
w1 = (−1,−2), w2 = (0,0), w3 = (−1,0),
(18)w4 = (−2,−1), w5 = (−1,−1).
The constants λa are given by
λ1 = 172 (1 − 5
√
13 ), λ3 = 1216 (29 + 17
√
13 ),
(19)λ5 = 154 (31 + 7
√
13 ),
and λ2 = λ4 = 0. The inner products (ξ, va) are evaluated as
(ξ, v1) = 29 (1 +
√
13 )(x − x1)(x1 − z) + λ1,
(ξ, v2) = 13 (1 − x)(1 − z)(1 − cos θ),
(ξ, v3) = 227 (7 +
√
13 )(x2 − x)(x2 − z) + λ3,
(ξ, v4) = 13 (1 − x)(1 − z)(1 + cos θ),
(20)(ξ, v5) = 2 (−2 +
√
13 )(x − z1)(z1 − z) + λ5.27
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correspond to degeneration surfaces at x = x1, θ = 0, x = x2,
θ = π and z = z1, respectively.
Finally, we note that a D3-brane solution can be constructed
from the Calabi–Yau metric given by g (1) with the special pa-
rameters a, b:
g(10) = H−1/2g(3+1) + H 1/2g,
(21)F5 = (1 + ∗10)vol(3+1) ∧dH−1.
We find the warp factor H as a harmonic function gH = 0;
H(z) = − (7 − 2
√
13)L4
27
log
(
8z3 − 12z2 + 137 + 37√13
(2z + 2 + √13)3
)
− (10 − 2
√
13)L4
27
√
6 + 2√13
(22)×
(
π
2
− arctan
(−4z + 5 + √13
3
√
6 + 2√13
))
,
where the constant L is given by
(23)L4 = 4π
4gs(α′)2N
Vol(Y 2,1)
= 16(−46 + 13√13 )πgs(α′)2N.
For large −z = r2/2, the warp factor behaves as
(24)H = L
4
r4
+ O(1/r6),
while near z = z1
H  2(7 − 2
√
13 )L4
27
log(z1 − z).Acknowledgements
We would like to thank K. Maruyoshi for useful discussions.
This work is supported by the 21 COE program “Constitution
of wide-angle mathematical basis focused on knots”. The work
of Y.Y. is supported by the Grant-in-Aid for Scientific Research
(No. 17540262 and No. 17540091) from Japan Ministry of Ed-
ucation. The work of T.O. is supported in part by the Grant-in-
Aid for Scientific Research (No. 18540285) from the Ministry
of Education, Science and Culture, Japan.
References
[1] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, Int. J. Theor.
Phys. 38 (1999) 1113, hep-th/9711200;
S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Phys. Lett. B 428 (1998) 105,
hep-th/9802109;
E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150;
O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri, Y. Oz, Phys.
Rep. 323 (2000) 183, hep-th/9905111.
[2] D.N. Page, C.N. Pope, Class. Quantum Grav. 4 (1987) 213.
[3] L.A. Pando Zayas, A.A. Tseytlin, JHEP 0011 (2000) 028, hep-th/0010088.
[4] L.A. Pando Zayas, A.A. Tseytlin, Phys. Rev. D 63 (2001) 086006, hep-th/
0101043.
[5] S.S. Pal, Phys. Lett. B 614 (2005) 201, hep-th/0501012.
[6] K. Sfetsos, D. Zoakos, Phys. Lett. B 625 (2005) 135, hep-th/0507169.
[7] S. Benvenuti, M. Mahato, L.A. Pando Zayas, Y. Tachikawa, hep-th/
0512061.
[8] W. Chen, H. Lü, C.N. Pope, hep-th/0601002;
W. Chen, H. Lü, C.N. Pope, hep-th/0604125.
[9] J.P. Gauntlett, D. Martelli, J. Sparks, D. Waldram, Adv. Theor. Math.
Phys. 8 (2004) 711, hep-th/0403002;
D. Martelli, J. Sparks, Phys. Lett. B 621 (2005) 208, hep-th/0505027.
[10] D. Martelli, J. Sparks, Commun. Math. Phys. 262 (2006) 51, hep-th/
0411238.
